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Abstract

This is the supplemental material for the CVPR 2011 papeen&Balized Gaussian Process
Models” [1]. It contains derivations for the Taylor and Lapé approximations, and a summary
of EP.

|. CLOSED-FORM TAYLOR APPROXIMATION

In this section, we derive the closed-form Taylor approxioraproposed in Section 5.1
of the paper [1].

A. Joint likelihood approximation
The joint likelihood of data and parameters is,

log p(y,n|X) = log p(y|0(n)) +log p(n|X) (S.1)
-3 (@ [5:0() — b{O(me))] + Log h(y, ¢>) ~ Lkt - Log K] - Zlogan
(S.2)

Note that the terms that prevents the posterior,dfom being Gaussian are the functions
b(6(n;)) andd(n;). Let us consider a second-order Taylor expansion of théiHiked term
at the pointr;,

log p(y:]6(1)) = ﬁ 5i0() — b(O(n:))] + log h(ys, &) (.3)
~ log p(v;|0(7:)) + s (n; — 1) — %w; (n; — 7:)? (S.4)

wherew; = u(7;,y;) andw; = w(1n;, y;) as defined in (19). Summing over (S.4), we have
the approximation

Zlogp(szQ(m)) ~ Z log p(yil0(7:)) + wi(ni — 7;) — %wi_1<77i — ;) (S.5)
=1 z:i

=5 =)W (n—n)+ 0" (n—7) +logp(y0(n))  (S6)



wheret is the vector ofii;, and W = diag(wy, . . ., @, ). Substituting the Taylor approxi-
mation into (S.2), we obtain an approximation to the joinsteoior,

. 1 n
logq(y,n|X) = logp(y|6(n)) — 5 log [K| — 7 log 27 -
1 s ~ ~ ~ 1 B .
— 5 =)W —0)+ 0" (n —7) - 5n"K"'n
. 1 n
= logp(y|0(n)) — 5 log [K| — 5 log 27
1
2

- - - 1 1 e
— - -W)'Wl(n—n—Wu)— -n"K'n+ 5ﬁTWﬁl

2
(S.8)
Next, we note that the first two terms of the second line aréhefform
(x —a)’B(x —a) +x'Cx = x'Dx — 2x"Ba+ a’Ba (S.9)
=x"Dx - 2x"DD 'Ba+a’B'D'Ba— a’B’D'Ba + a’Ba (S.10)
=[x -D'Bal;,_, +a’(B-B'D 'B)a (S.11)
_ 2

=[x —D'Bal|;_, +llalg-1,c (S.12)

whereD = B + C, and the last line uses the matrix inversion lemma. Using) pinbperty
(x=mn,a=n+Wu, B=W! C=K1), the joint likelihood can be rewritten as

. 1 n
log q(y, n|X) = log p(y[6(n)) — 5 log [K| — 5 log 27 5.13)

1 iz 7 2 1,~2 1. .
3 ‘W—A "W 1tHA71 _§HtHW+K+§uTWU

whereA = W-! + K~!, andt = i + W1 is the target vector.

B. Approximate Posterior

Removing terms in (S.13) that are not dependentpthe approximate posterior of
is
1 —INx7—1% 2
logg(n|X,y) o< logq(y,n|X) o —5 Hn —AT Wt )Afl (S.14)

= qmX.y) =N (n[AT W A7), (5.15)

and hence

m= VW V= (W—1 v K—1> - (S.16)



C. Approximate Marginal
The approximate marginal is obtained by substituting ther@amate joint in (S.13)

log p(y|X) = log/exp(logp(yle))d"n% log/exp(logq(y,"an)) (S.17)

1 n
= logp(y|0(n)) — 3 log |K| — 3 log 27
1 ~TXXT~ _lH,,]_A—lv'V,lEHQ (818)
§ HtHW—i-K + iu Wu—l—log e 2 Aild'f’
1 n
= logp(y0(#)) — 5 log|K]| — 5 log 27
(S.19)

S e+ 0" Wi+ tog(2m) b [A )}
2 L i Wa (S.20)

. 1 1=
log p(y16(7)) — 5 log K| |A] = 3 [[E][y 5 + 5

Looking at the determinant term,
log |A| |K| = log )(W—l n K‘l)K‘ — log )1 + W—lK‘ — log )VV + K) )W—l‘ . (S.21)
Hence, the approximate marginal is
log ¢(y|X) = —%ET(W +K) - % log [W + K| + () (S.22)
where
r(¢) =logp(y|0(n)) + %ﬁTVVﬁ + % log ‘W‘ : (S.23)
For an individual data point, we have
ri(6) = Yog plul6(i) + 32 + 5 log il (5.24)
(S.25)

and hence
n

r(¢) = Zﬂ'(¢)-

=1
1) Derivatives wrt hyperparameters. The derivative of (S.22) with respect to the kernel

hyperparametet; is
0 1 <\ 1 0K 1 10K
5o loga(y[X) = 5t <K + W) 5o (K + W) t—tr [(K W) 5o
(S.26)
(S.27)

= %tr [(zzT — (K +W)_1> g—fj} , z=(K+W)

where 5’5 is the element-wise derivative of the kernel matrix withpest to the kernel
hyperparameteaj, and we use the derivative properties,
0 0A 0 0A
— A=A —A! —log |A| = tr(A™!
da ga T paoslAI=wATZL).

(S.28)
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2) Derivative wrt dispersion: For the derivative with respect to the dispersion parameter
we first note that

5= a0 (WO ~ - veme'm) " =4, (s29)
0w _ Y@
AN =2 W, (S.30)
9. _ 4Py Y :_a’(cb)a,
3 .02 = a/(¢)@ U2 + 201l _@a. — _a/(¢)@.ﬁ2
gt = gyt +2na (- ) = e (5:32)
S5 1080101) = 51 { == [0(3) — DO + log (o ) | (5.39)
=~ 28 100 — DO + 55 logh(y. ) (5.34)
- —“a/((j) B + a% log h(yi, &), (S.35)
whered; = i [:0(;) — b(0(7;))]. Thus,
gr- — _M@. g o . _ la/(¢>w.a2 lia/@)w.
¢ i(9) = a(o) o 8¢1 8 1y, 9) 2 a(p) o, a(¢) (S.36)
ad@) (1 1.\ 9
e <§ —9; — §w2u2) + 0_¢ log h(y;, ¢). (S.37)
Summing overi,
0 B ale) (1 _ 1. , 0
8—¢r(¢) = ; e (5 — 0 — §wzul) + 8_q5 log h(y;, @) (S.38)
a'(¢) (n 1 r

"0
= — -1y — —a"Wa §j—1 h(ys, &). :
Also note thatt is not a function ofp, as the term cancels out Wa. Finally,

0
]
95 081 (y1X)

_ L (K - W) oW ( + W)_lf — %tr((K + W) )+ ()

_ L Wl - 17— Lirwal w502
= {sz 2tr[(K+W) W}+2 1'v 51 Wu} Za¢10gh(y27¢)

2
(S.43)
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3) Derivative wrt dispersion when b4(9): We next look at the special case where the
termb,(6) is also a function ofy. We first note that

9 5y = (&) (WO ) — [y

1
25" b

5(0(n))] 0" (n
( ) (S.44)

(
0' ()% 55b5(0(n)) + 0" (n) 550/, (0
b, (0(n))] 0" (n

\_/\_/

b/

0

{B3(6(n)0'(n)? — [y )Y
a 0
0, it |V ¢b"<9<n)>+e"<n>%b;<e<n>> . (5.45)
o_ _ do), o 9’(77) 0
_d(e) . o,
" a0 a¢b¢(9(n)), (S.47)
8 -~ aﬁ)2~ - o~ a~i
8—¢(w2u22) 9 i3 +2w2~u28—¢, (S.48)
0 - o ,. . _ 0y ow;
R a—¢(ni + Wit;) Digg Tl (S.49)
_ 1 _ _
% log p(yil0(7:)) = % {a(@ [yif (1) — bs(0(73:))] + log h(yi, <b)} (5.50)
__9) e (60 1 9 9
= a0y [yif(71:) — be(0(7:))] — a(0) a¢b o(0(7:)) + 9 10gh(yz,¢)
(S.51)
_ 29, 9 L 9 e
=) * 36 log h(yi, @) () a¢b¢(9(m))- (5.52)
Thus,
d d 1 [ow; 0w 11 owy
Sr() = aetogpulotin) + 3 |G + 2050 + 3100 (589)
For the first term in (S.22),
0 1 2 O(W+K)! L0t
5 (W + K)~ ﬂ _tTTt+2tT(W+K) o (S.54)
- -1 OW (9t
=" (K+ W) e (K+W> b2t (W4 K)o
(S.55)
For the second term in (S.22),
log‘K+W) — tr((K + W)~ aa‘g) (S.56)
Finally, we have
N1 OW 81:
a—¢logq(y\X) §tT (K+W) (% <K+W) t— (W +K)™! 5 oo

—%tr((K—l—W +Za¢



II. LAPLACE APPROXIMATION

In this section, we present more details of the Laplace aqmation for GGPMs, which
is discussed in Section 5.2 of the paper. The Laplace’s appation is a Gaussian ap-
proximation of the posterign(n|X, y) using a 2nd-order Taylor expansion at its maximum
(mode). Hence, the Laplace approximation is a special cAgbeoclosed-form Taylor
approximation in the previous section, where the expangmnts7),; are selected so that
m is the maximum of the true posteriptn|X,y).

A. Approximate Posterior
The maximum of the posterior is given by

f) = argmaxlog p(n|X,y) = argmaxlog p(y[0(n)) + log p(n|X). (S.58)
n n
In vector notation, the derivatives of the posterior are
0 _
g 0sP(IX,y) =u-K ' (S.59)
82 1 1
—1 X,y)=—-W - K"~ S.60
InonT ogp(n|X,y) (S.60)
At the maximum of the posterior, we have the condition
S logp(n[X.y) =i~ Kl =0 (S.61)
= u=K'9, (S.62)

whereu is u evaluated at). The maximum can be obtained iteratively using the Newton-
Raphson method. In particular, each iteration is

e =g — (#‘;T log p(n|X., Y)) ) (% log p(7[X, Y)) (S.63)
=i+ (W—1 + K‘1> (- K'9) (S.64)
- (WK ) (6 + W'5) (S.65)
= (Wt K‘1>_1W_1(Wﬁ ), (S.66)

whereW is W evaluated af). Note that this is exactly the same form as the closed-form
Taylor expansion in the previous section. In particulaeath iteration the expansion point
7) is moved closer to the maximum. As a result, the target vedtet) = Wa + 7 is also
updated.

B. Approximate Marginal

The marginal likelihood is approximated by applying a Tay&pproximation to the
marginal likelihood at the mode of the posterigt, The marginal distribution is

p51%) = [ ol lom)pmX)an = [ (5.67)
where
k(n) = log p(y|0(n)) + log p(n|X). (S.68)



The second-order Taylor approximation «fn) aroundn is

1 .
() & k() = 5 In = all5 (S.69)
. . 1 .
= log p(y|0(i) +log p(|X) = 5 m — 73 (S.70)
Substituting into (S.67), we obtain the approximate madistribution
loga(y/X) = log p(y|#(i)) + logp(n[X) + [ &5l (s.71)
1 1 1 .
= logp(y|0(n)) — 3 K n — 5 log K| — glog 27 + glog 27 + 5 log ’V‘
(S.72)
~ 1 ATy —1 ~ 1 x7—1 —1
= logp(y|0(n)) — 5 K 'n-— 5 log ‘ (W +K ) K‘ (S.73)
1 1 A
— log ply|0(m)) = 571" K" — ; log ‘W‘lK + I‘ (S.74)

Note thatr) is dependent on the kernel matiik anda(¢). Hence, at each iteration during
optimization ofq(y|X), we have to recompute its value.

1) Derivative wrt hyperparameters. We next look at the derivatives of each term in
(S.74). Note thatj is a function of the kernel hyperparameters. Using the cha the
derivative of the first term is

0 R 0 .\ O O
9o, ogp(y|0(n)) o og p(y[0(n)) o, ~ % Ba, (S.75)
For the second term, we use the product rd2® = A28 + 4B,
if7TK—1¢7 _ iﬁT (K™'9) (S.76)
804]- 80éj
o , on’ . __
_ a7 K 'a) + 21 (k14 S.77
778%( n)+aaj( n) (S.77)
. _,0n  OK™' ont ..
—pn’ (K== — (K! S.78
n ( 80éj + 80éj n + 80éj ( T,) ( )
— _7¢]TK—1 IK K_l’f] + 2,,5,TK—1 877 . (S79)
8aj 8aj
For the third term,
0 A [ . 0 .
— 1 -1 _ -1 -1 Y -1 '
5o og‘W K+I‘ tr [ (WK 1) (W K)] (S.80)
[ . A7—1
= tr (W‘1K+I)‘1(W‘18—K+ oW K)] (S.81)
80éj 80éj
r R R A7—1
= tr (K+W)‘18—K} +tr (W‘1+K‘1)‘18L] (S.82)
L 804]- 80éj




Putting it all together, we have

) L0 g 0K o 0f
— 1 X) = T~ - TK 1 K 1 o TK 1
Oa; ogq(y|X) =1 Oa; i 21 Ooa; dav;

. (S.83)
Ly {(K + W)~ aK} ~ L [(W‘l + K—l)—l—ﬁw 1]

2 Oa; 2 oo
1 s sn-1) OK |1 Aro1 L OW !
= 2tr [(uu (K+W) ) 80@} 2tr [(W +K™) o, |
(S.84)

which follows froma = K~ '7.
Next, we note thatW is a function of7, which in turn is a function of the kernel
hyperparameted;, and thus

OW 1 OW L an;
oy, Z o Oy (S.85)
The first term is
oW1 o
= ——1 10(7; el :
o = (g oeplulotan) ) e (s.86)
Elements of the second term are given by,
0ﬁ 9 INv 714
W+ K- W™t .87
Jo ~ 70 WHKT) (S.87)
-1 0K ! 1xa7r—1%
~(W 14+ K H! 5 T (W K H)'W g (S.88)
Q@
= (W' + K‘l)‘lK‘lg—KK‘l(W‘l +K )W (S.89)
Qj
= W(W +K)™! 8Kﬁ (S.90)
Oa;
Hence, (S.85) can be expressed as
oW1 . on
where A is a diagonal matrix of with entries
, o?
A = diag (o logp(ulo(i) ) (5.92)
and
—iglogpwm-)) — o | @) @) - @)Y S99

{9' 97" ) + 0" () lg™ (0e) + 0" (0:)lg ™) () — 0" () (v — 97 () }
(S.94)
1

= 200) {0/Ch) g™ () + 260" () [g ™) (7s) — 0" () (y — 97 () } - (S.95)
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2) Derivative wrt dispersion: Looking at the derivatives of each term in (S.74), for the
first term,

9 91 . .
0B ul0()) = 5 {003~ HOG))] + o) (5.96)
_ 9D oiiy —barn 4+ —— 2 et — b + 2 |
T T a0)? [yi6(0:) — b(6(7:))] + OLL [4:0(s) = 0(O(:))] + ¢(z>g9f;)(yz,¢)
d (o) . 1 9 ) om0
= — i - Zﬁz—bﬁl —1 hi7
a(0) " +a(¢)am [vi6(7:) — b(6(7:))] 96 95 %8 (Y1, ¢) -
alg). .0 0
_ Q) SO 9 S.99
a(¢>vz+uza¢+8¢10gh(y ) (S.99)
wherev; = v(n;,y;) andu; = u(7;, ;). Hence,
0 N~ OO, O
a—¢logp(y|9(77)) = ; wmeul 36 " 29 log h(y;, ¢) (S.100)
d(@) ;. 20N = D
—a(¢)1 v+ 8—¢+;8—¢10gh(yi,¢). (S.101)
The derivative ofn is
8'f7_ﬁul —1—1A—1A_£ VK- -1F
8—¢_8¢(W + K H'W t—a¢(I+WK )t (S.102)
= —(I+ WK‘l)‘l(%(WK‘l)(I + WK )t (S.103)
= —‘;(((‘f)) (I+ WK ) 'WK'(I+ WK ™)'t (S.104)
_2(9) (W + K Y)Y (K + W) ¢, (S.105)
a(¢)
a'($) s —1 —1\—1x
— W'+ K . S.106
a(¢)( +K7)"a ( )
Hence
5 oEpy100) =~ (1% & W K]+ 3 o b0
- (S.107)
For the second term,
Ol pooy. oy, ON 20N
8_¢§77K n=nK 8_¢_u0¢’ (S.108)
_ O grw L k) (S.109)

a(¢)
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For the third term,

a% log ‘W‘lK + I) — tr {(W*K + I)‘la%S(VAV‘lK)} (S.110)
— —tr [(W‘1K+I) 'W- 1%\7\7 1K)] (S.111)
_‘;'(@)) (WK + 1) WK (S.112)
_d(9),
o [(K+W) 1K)}. (S.113)

Finally, putting it all together,

a'(¢) 1
a(¢) {_1TV o [(K + W) ] } + Z —logh(y;, ¢). (S.114)

0
% log q(y|X) =

[Il. EXPECTATION PROPAGATION

In this section, we present more details on expectationggaton (EP) for for GGPMs,
which is discussed in Section 5.3 of the paper.

A. Computing the site parameters

Instead of computing the optimal site parameters all at o&€e works by iteratively
updating each individual site using the other site appratioms [2], [3]. In particular,
assume that we are updating siteWe first compute theavity distribution, which is the
marginalization over all sites excefyt

q-i(1:) o /p("7|X)Htj(ﬁj\zmﬂja&?)dm, (S.115)
J#
where the notation-: indicates the sites without. ¢_;(;) is an approximation to the
posterior distribution ofy;, given all observations except Since both terms are Gaussian,
this integral can be computed in closed-form, leading tocdnéty distribution

q-i(ni) = (m}uﬁz, o), (S.116)

H—i = 032(0 Hi — ‘7_2,[%) o= (02 =57 (S.117)

whereo? = [V];; and z; = [1a],.
Next, multiplying the cavity distribution by thérue data likelihood ofy; gives an
approximation to the unnormalized posterior/gf given the observations,

a1 X, y) = q-i(n:)p(ysl0(m:)).- (S.118)

Note that this incorporates the true likelihoodgfand the approximate likelihoods of the
remaining observations. On the other hand, the approxomat the posterior of); using
the site function is

q(n;) = qﬁi(ﬁi)tz’(m\z,ﬂi,&?) (S.119)

Hence, the new parameters for sifecan be computed by minimizing the KL divergence
between (S.118) and (S.119), i.e., between the approxipwdterior using the true likeli-
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hood and that using the sitg

{2}, 157, 6%} = argmin KL (q(m] X, y) [|g(n:) ) (S.120)

= =2
Zivﬂivai

qﬁi(ﬁz‘)ti(ﬁz‘|zaﬁu53)> (S.121)

= argmin KL (qﬂ-(m)p(yz-|9(m))

5~ =2
Zivﬂivai

Note thatg(n;) in (S.119) is an unnormalized Gaussian, i€y;) = Z:N (1:|fi;, 62), with
parameters (given by the product of Gaussians)

fis = 62 (0 2 + 572 i), (5.122)
o7 = (07 +06,2)7 (S.123)
2 5 _L, -1 (pi — f15)?

Hence, to compute (S.121), it suffices to first find the pararsebf the unnormalized
Gaussian that minimizes the KL divergencesto;| X, y), and then “subtracty_;(n;) from
this Gaussian. To find(n;) we minimize the KL divergence,

{ A;ﬂ:, &Z’F?} = airgmin KL (qﬁi(m)p(yiwwi)) ‘ ZiN (772‘

Zi,i,6%

gi,a—f)> . (S.125)

In particular, it is well known that the KL divergence in (83) is minimized when the
moments of the Gaussian match those of the first argumendditi@n to the mean and
variance (1st and 2nd moments), we also must match the neatiah constant (Oth
moment), sincej(n;) is unnormalized. The optimal parameters are

s = Ey] = Zi / () (16 () (5.126)
3 = var, () = / (e — s () p w01 (5.127)
Zi=17,= / q-i(n:)p(yi|0(n;))dns, (S.128)

where E, and var, are the expectation and variance with respecy(@|X,y). These
moments are discussed later in this section. Finally, the parameters for site; are
obtained by “subtracting” the two Gaussians;(¢;) from ¢(9;), leading to the site updates

fis = 57672 i — 07 i) (S.129)
Gl =(6,2—0- )" (S.130)

7 3

N . S 7)2
Zi = Ziz)2m(0?, + 62) exp (%) . (S.131)

EP iterates over each of the sitg i.e. each observatiog, iteratively until convergence.
1) Computing the moments. Each EP iteration requires the moments;0f;) in (S.126-
S.128), where

a(n) = %p@iwmw (milpioss 0%,) (5.132)

)

Zi= [ plb@N (i, %) dn (5.133)
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Depending on the form of the likelihoga(y;|0(n;)) the integrals may not be analytically
tractable. Hence, approximate integration is requiredthiis paper, we use numerical
integration with 10,000 equally spaced points betwgent 50_,. We also tried Gaussian-
Hermite quadrature to approximate the integral, but thissed EP to fail to converge in
many cases, due to inaccuracy in the approximation.

B. Marginal Likelihood
The EP approximation to the marginal log-likelihood is

log p(y|X) ~ log q(y|X) = log Zgp (S.134)
— oz [ q(u6(m)p(n/X)dn (5.135)
log//\/ ‘u, )HZN (n]0,K) dn (S.136)

_ ZlogZ +log/N ’n, N (17]0,K) dn (S.137)

Hence, we have
log a(y[X) = Y log Z; + log N (1[0, 5 + K) (S.138)
i=1

1 : 1 :
= —5A"(K+5) 7 fu - log ‘K + 2‘ - glog27r

(i = 1)? } - 5139

2 | =2
Z {logZ + —log2m + = log(aﬂ- +5;)+ 2007 + 69

%

Finally,
log q(y|X)
L S 2 | =2 (pmi — fi)?
- _ = 1 S A S Ve A S VA O
P (K+X) i log)K+E) {ogZ + - 10g<gﬂ+0’)+2(03i+63)
(S.140)

1) Derivatives wrt hyperparameters. Note thatj, 3, p_, and 3., are all implicitly
functions of the kernel hyperparameter, due to the EP upstafes. Hence, the derivative
of the marginal is composed of the epr|C|t derivative wi thyperparameter—%) as well

as several implicit derivative (e. gaT ) It can be shown that the implicit derlvatlves are
all zero [4], and hence

dlogq(y[X) _ 9logq(y|X) (S.141)
oo j aO‘j explicit
Lk B K D) -t (K8 R) (s.42)
2 da da;
1 ST -1 8_K 5 — )L
— Str <[zz (K +3) ] aaj) L 2= (K+3) 4 (S.143)
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2) Derivative wrt dispersion: The only term in the marginal that depends @ulirectly
is log Z;. Its derivative is

0 0
8¢ logZ 8¢ 10g/P(yi|9(77i))N (m}uﬁi,oii) dn; (S.144)

/&b (il 0(m))N (i) g1 02, ) (S.145)

~Z / {h/ fj é;ﬁ)zw(m)yi—b(e(m))) PO (] 120, 02,)
’ (S.146)

O tog h(y, 8) + A2 (B [0(m)] — E, O, (5.147)

99 a(¢)?

whereE, is the expectation undei(r;|X,y). Hence, the derivative of the marginal wrt the
dispersion parameter is

dlogq(y|X)  0dlogq(y|X) —~ 0.
- =" L log 7 S.148
a¢ a¢ explicit Za : ( )
"9
= 55 loghlu 0) + ZZyzq )] — Eq[b(0(m)])) . (S.149)
=1

Hence, additional expectatiofig[f(n;)] andE,[b(6(n;))] are required.
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