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Abstract

This is the supplemental material for the CVPR 2010 paper, “Clustering Dynamic Textures with the Hier-
archical EM Algorithm” [1]. It contains the derivation of the HEM-DTM algorithm and the associated E-step
computations, including sensitivity analysis for the Kalman smoothing filter.

1 Derivation of HEM for dynamic textures

In this section we derive the HEM algorithm for dynamic textures. We begin with the derivation of the Q function,
followed by the E- and M-steps.

1.1 O function for HEM-DTM

In the E-step, the Q function is obtained by taking the conditional expectation, with respect to the hidden variables
{X, Z}, of the complete-data likelihood in (7)
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is the probability that sample set Y; is assigned to component j in ©("). For the likelihood of the virtual samples,
p(Y;\(:)y)), we have
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where (S.7) follows from the law of large numbers [2] (as N; — o0). Substituting into (S.4), we get the expression
for z; ; similar to the one derived in [2],
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For the last term in (S.2), we have
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where, again, (S.9) follows from the law of large numbers. Hence, the Q function is given by
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Note that the form of (S.10) is very similar to the Q function for the EM algorithm for DTM [3], where each base

DT @Eb) in (S.10) corresponds to a single sample sequence y; in EM for DTM. For the Q function of EM, the
second term is the conditional expectation of the hidden states conditioned on the observation y;, i.e.,, Emw o []-
1 ,7

In the case of HEM, the double expectation Ey| o [Ex| o [-]] averages this conditional expectation over all

possible observations ¥; generated from the base DT @( ). There is also an additional weighting of NV; = w(b)N
on these expectations, which accounts for the prior probablhtles of the base components.

1.2 E-step

Substituting for the joint likelihood of each DT component into (S.9), and defining w; ; = z; ; N,
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The conditional distributions are Gaussian, and hence
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where we have dropped the constant terms that do not affect the maximization of Q later. For convenience, we

define the following expectations,
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Taking the trace of each norm term in (S.14) and substituting yields,
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Finally, we define the expectations, aggregated over

Nj =322
M; =32 Wij,
_ o A1)
=22 Wiyl 3
A ’L)

n =22 Wi by 1050
=22 Wiy D 1@517
=2 Wi 2i—1 t|]7

J
S 1 ( (i) (\T 0,
~ ) 2-(1 T 7
+3°% Wy [ 5 Ztr ( (Utb Wyl — o (W™ + ¢ Pyt
()

+ 1yt )) - %logISjl

(@) (?) T
P+ AP0, AT)) =

the base components,

By =Y Wiy S B

v —Z Wi Do th(i 1]5°
=2 Wi 2= tt|]’
=2 Wi 21— 2P( )1t 1)5°

A =22 Wiy D 1Ut(\z]

F _Z WZJZt 1Wt(|Z]’

(8.15)

(S.16)

(S.17)

(5.18)

(8.19)

(5.20)

(8.21)

(8.22)

(8.23)



yielding the Q function,
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Hence, the E-step consists of computing the aggregate statistics in (S.23), which are based on the expectations in
(S.15-S.20) and (S.8).

1.3 M-step

In the M-step, the parameters ©(") are updated by maximizing the Q function in (S.24). Given the aggregate
expectations defined in (S.23), the QO functions for HEM and EM for DTM are identical. Hence, the parameters
for each component DT are updated according to

Cr=T;07", R = -L(A;— CiTy),
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2 Computing the E-step for HEM-DTM
The E-step of HEM-DTM requires computing expectations of the form,
~(b A(b
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where ©, = {Ap, Cy, Qp, Rp, iy, Sp, Up} and O, = {A,,Cy,Qp, Ry, ttr, Sy, Y} are the dynamic texture pa-
rameters of a base mixture component and a reduced mixture component, respectively. The inner expectations,
E4|y,0,[-], are the conditional state mean and second moment of the Kalman smoothing filter,

f’fi\rr) = Euy0,[7] (.27)
‘Aé?:) = covglye,(Tt) (S.28)
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where we use the subscript notation “,” as short-hand for the expectation at time ¢, conditioned on sequence
Y1:s = {y1,- - ,ys}. Rewriting the first four expectations of (S.26) in terms of the Kalman smoothing filter, we



have

where we define
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The quantities in (S.30) and (S.34-S.38) are the output of the Kalman filter for ©,., when the input is from source
Op. These quantities can be computed using sensitivity analysis for the Kalman smoothing filter, derived in the
remainder of the section. The final two expectations in (S.26) are computed from the marginal statistics of ©y,
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We next look at the Kalman smoothing filter.

2.1 Kalman smoothing filter
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The Kalman filter computes the mean and covariance of the state x; of an LDS, conditioned on the observed
, Y¢—1}. The conditional expectations

sequence yi.¢—1 = {yla s

are calculated via a set of forward recursive equations [4,5], for t = {1, - --
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with initial conditions 2o = p and Vl|0 = S. The conditional expectations, (S.27-S.29), of the Kalman smoothing

filter are obtained with backward recursion. Fort = 7,--- |1,
Jio1 = ‘Zﬁ—l\t—lAT(Vt\t—l)_la (S.51)
Bqlr = Dymap—r T S (B — AZ_qp—), (8.52)
Vi = Vicaer + Jee1(Vir = Vi) 450, (8.53)
‘A/tfl,t72|7' = ‘7:‘,71\7&71&]7;1;2 + Jt—l(f/t,tflh' - A‘A/tfl\tfl)‘]tjl% (5.54)

with initial conditions 2| and VT‘T computed by the forward recursions above, and meuf = (I —KTC)AVT,”T,L
To apply sensitivity analysis in the next section, it will be convenient to rewrite the state estimators as functions
Only of i‘t‘tfl and jft‘T’

G, = AK, |, (S.55)
F,, = A-AK;_C, (5.56)
H_ 1 = A'—J_4, (S.57)
Ty = Fia®y_qp—2 + Ge-1(ye—1 — 9), (5.58)
Ty, = Hia@yp + Ji1Zy, (5.59)

Finally, note that the conditional covariances thf and Vt,t,uf are not functions of the observed sequence y;.;.
Hence, for the expectations in (S.34) and (S.35), we have

(b ~(r ~(r

VY = Eye, V1=, (3.60)
A~ b ~ /," r

VL = By, =V (5.61)

We next analyze the sensitivity of the Kalman smoothing filter when the input distribution does not match the
parameters of the filter.

2.2 Sensitivity analysis of the Kalman smoothing filter

We consider the two LDS @b and ©O,, and their associated Kalman filters {F} ® ng), t( ) &0 A(b)} and

Lye—10 Ty
{F; ) G(r) ( ), AE‘? 17 t| } The goal is to compute the mean and covariance of the Kalman smoothing filter
for @T, when the source distribution is ©,
#) = Eye, 2], (S.62)
W= covy|eb(x§|3) (S.63)
i = covye, (@) a),), (S.64)
R = covye, (Yt x§|3). (S.65)

We next derive an efficient algorithm for sensitivity analysis of the discrete time Kalman smoothing filter.

2.2.1 Forward recursion

We first need to analyze the sensitivity of the forward recursions of the Kalman filter [5]. From (S.58), the Kalman
filters for ©; and ©,. are recursively defined by
~(b ~(b b _
[ x§|t)71 ] B Ft( )19375 )1\t ) —I—G( ) (! ( )1 — )
~(r) -
Lie—1

Ft( RF: Er)l\t 2 ngr—)l(?/gl — r)

) (S.66)

6



where {ylgb)} are the observations from source ©j. Substituting yii)l = Cbxgli)l + wgg)l + ¥p, we have
(b) Ab:c(b) (b)
(b (b b b
E\t’ I ’w o + G2 () + w)) (S.67)
~(r ~(r b
xw(t\t)fl Ft( ) i )l\t o T Gg_)l(Cb:):g )1 + wi )1 + Yo — Ur)
b
i
= A1 | 30 |+ By + Caw) + Dea (B — 7). (S.68)
j:.(r)
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where
Ap 0 0 I 0 0
A=|c6%c F” o | B=|o|,ci=|G" |, D= ?) . (S.69)
Ghey 0 FY 0 a7, G,
We define the block vector X; as
b
Efc\eb [xf‘b)]
% = | Eyo,lil ] | (S.70)
+(7)
Eyje, [xt|t 1

Taking the expectation of (S.68) with respect to z, y|Oy, X; can be computed recursively according to

1223
X =AM aX 1 D (e —9r), Xi=| |- (S.71)
Mo

For the covariance of the state estimators, we define the block covariance matrix Vt as

b b) ~(b b) ~(r
COVI|@b($§ )) COV:t,y\Qb(xg )7x§|t),1) COV:t,y\@b(xg )’x%t)l)
O b b ~(b ~(b ~(r
Vi= | covgyle, (& ft\t) 1’ ()) COVy\Gb(xi\t)fl) Covy‘gb(xft\t)fl’xﬂt)fl) : (8.72)

4 (0) A(r) A (D) ~(7)
COVy yl0, (£ tle—1> Lt ) Covy\@b(xt\t—l’xﬂt—l) Covy\@b(xt\t—l)

From (S.68), the covariance is computed recursively as

Sy 00
Vi=A, 1V 1Al + BB +C,_\R,CL,, Vi=|0 0 0|, (S.73)
0 0 0
where we have used the fact that {v w } A {:):(b) #® ") }, and o 1L w®. We will use the
tl t—10Ty_1je—20 Tp—1)e—2 t t o

notation V%! to refer to the (i,j) matrix in the block matrix V, and x!/ to refer to the ith vector in the block
vector X.



2.2.2 Backward recursion

Taking the expectation of (S.59) yields a recursive definition for :1:( )

B = Bye,lal) ] (S.74)
= Ht( )1 y|®b[§7§|t) 1] +Jt( )1 y|®b[ ft\rr)] (8.75)
= HO\Eyo,lif) ]+ 52" (3.76)
= &4 080 (S.77)

(3]

where we use the notation X; " to indicate the 3rd entry in the block vector X;, and the initial condition is

. 1408
93‘(rb) :Ey|®b[ S—|.)r] AL EyIGb[ 5-421|7-] A, 1X[T—]H‘ (5.78)

~(r)

For the covariance of Tyyrs , We have

~(b ~(r ~(r
XE—)l = COVy\Gb( 7(t )1\ )= COVy\Gb(H( )193,(5\15) 1t Jt( ") 7(5\7)) (S.79)
( ) () Ar) r
— |: H(r) J(r) i| [ COVy|(—)b( t‘t 1)() Covy|®b(x€|t)—1’xt‘7') ] [ (H;t(j)l)T ] (SSO)
e covyle, (& 7(f\7?’ Zyi—1) COVyIGb(itrT) (72"
Cr[3,3] T (M) \T
— (r) (r) Vi Wi (H,—)
= H J, , S.81
{ t—1 J1 } [wt LW ] [ (JO)T (S.81)
and
~(b ~(r) A(r
Xg,t)fl = Covy\eb(:c;),xﬁ )W) (S.82)
covyle, (& ,E\T),Ht( )1 §|t) .t Jt(r)l AE‘TT)) (5.83)
covyio, (@5, 2 VHDT + 3 ()T, (5.84)
= w (@ )T + IO (S.85)

where V?’S] is the (3, 3) entry of the block covariance matrix V., and we define the cross-covariance,

wi = covyie, (@4, 4. (S.86)
The initial condition is given by

AT, (S.87)

W) = covypa, (#1))) = covyje, (A18) ) = A covye, (37),)A;

T+1\T

All that is required now is an efficient method for computing the cross-covariance term w; and /@( ),

2.3 Calculating the cross-covariance terms

We next look at calculating the cross-covariance terms,

w = covyie, () ay) ), (3.88)
pt = (/%ﬁb))T=covy|@b(x§|3,yt). (S.89)
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Filling in the backward recursion of the state estimate of the Kalman smoothing filter, we have

# (r) 4 7 (r) 4
By, = M3+

_ (r) 4.(r)
= H’ L)t

_ (r) 5.(r)
= H L

_ (r) 5.(r)
= L1

-
= t t+1\t+ Z

+ I
+ I

&

D H D e + I8,
Ht(-:)fgmtﬂ + I+ Iy (H
Ht(-:)fgmtﬂ + I Jy) (H

HJ Y20 HJ

s=t+2 i=t
T+1

= g Jts 2Hs S|S 1
s=t+1

. (r)
where we define H; = { H,

ATt

> Where s > ¢, as a function of Tyi1 and {yq, -
term since it will not affect the covariance operator later). Substituting the forward recursions, we have

filter terms 2"
s|s—

~(7)
L)

f(r) _
t+2|t+1

j(T) —
t+3|t+2

or in general, for s > ¢,

~(r)

xs|sfl

where we define F; = { L

We now substitute each term of &

1
BT ,and J; s = {
-

FFs_

(r)
sls—1

A ()
Ft(r)fi’t\t—l + Ggr)yt,
Ft(-:)1ft+1|t + Gf‘:-)lyt—f—l
F(
Ft(J:)Qit+2|t+1 + ngytw

F(T)

Foop1(F )xt\t L+ Gy +

(e %]

, 8 <t
1 Fo s>t

T+1

§ Jt,s—QHs—las
s=t+1

T+1

(S.90)
(S.91)
H ) a0 (5.92)
a2 I A 1)) (8.93)
A7), (5.94)
(S.95)
,t>s .
(r) . Next, we rewrite the Kalman

,t< s

tJ:)l(Ft(T)CEt\tfl + GgT)yt) + Ggflym,

t+2(Ft(J:)1(Ft(r)it|t—1 + Ggr)yt) + G§T+)1yt+1) + G§22yt+27

Z Fs lj+1G( )ij
Jj=t+1

Bs

= a; + (5 into (S.95). Substituting the o terms into (S.95),

Z Jt,s—QI:Is—lFs—l,t-i-l(Ft(T)i't\tfl + Gﬁ”yt)-

s=t+1

Ly

,Ys—1}. Note that we drop the constant g,

(S.96)
(S.97)
(S.98)
(5.99)
(S.100)

(S.101)

, and the quantities o and 3 as above. Note that 5,11 = O.

(S.102)

(S.103)



L; can be computed recursively,

T+1
Li = Y JisoHo1Fo 1 (S.104)
s=t+1
T+1
= JuaHFa+ Y JieoHoaFoin (S.105)
s=t+2
T+1
= Hi+ Y JieoH, 1Foqp (S.106)
s=t+2
T+1
= H+J" < > Jt+1,s_2Hs_1Fs_1,t+2> FD (S.107)
s=t+2
= H" + 7L, FD, (S.108)

where in (S.105) we have separated the first term of the summation (s = ¢ + 1) , and in (S.107) we have used
Jiso=JTi1s0and Fy 1141 = Fy 1 149F ), when s > t. The initial condition for the L; backward
recursion is given by

L,=J3, HF, =0 =A" (S.109)

Next, we look at substituting the 3 terms of (S.101) into (S.95),

T4+1
B = Y JieoH, 1fs (S.110)

s=t+1
T+1 s—1

= Y JeoHon Y FoinGy (S.111)
s=t+1 j=t+1
7+1 s—1

= 3 N Bl FanGly, (S.112)
s=t+2 j=t+1
T T4+1

= 3 Y Seal 1 Fa1 Gy, (S.113)
j=t+1s=j+1

where in (S.113) we have collected the Ggr)yj terms by switching the double summation. Finally, using (S.108),
we can rewrite the Kalman smoothing filter of (S.95) as

T+1
jjfg‘? = Z Jt,s—QHs—l(as + ﬁs) (8.114)
s=t+1
Gt + B (S.115)
= Lt(Ft(T)iﬁﬁ)_l + G ) + G (S.116)

Note that 3, is a function of {Yts1, yr )
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Next, we will derive an expression for wy = covye, (Z 21 3(0) ). We first note that, for & > 0,

tjr Lejt—1
~(r b
Covy‘@b(yi_'_)k, ft\t) )= COV@b(Cbe.q_)k‘i'w,E_;_)k‘i‘yba §|t) ") (S.117)
= cove,(Ch( Abxt —I—ZAk lvii)l —i—wng)k. + Up, & Ai‘? 1) (S.118)
- covxt,ylitm@b(chbxﬁ >,x§|t)_1) (S.119)
b ~(r
= CbA]gCOVylztfl‘eb (Ewt\ylztﬂ [xg )]7 x§|t)71) (5.120)
_ ch’gcovy‘@b(:eﬁ?_l,@grg_l) (S.121)
= CARVIHY (S.122)

where in (S.118) we have rewritten x(b)k as a function of x,g ), ie. x( ) — A'g:):,gb) + Zf 1 Ak L® n (S.119) we

t+ t+k Vs

have used the fact that the future state noise is independent of the current state (i.e.,forl > 1, vlg +) s :EE‘?; 1) and the
current observation noise is independent of the current state and past observations (i.e.,for k£ > 0, wg_bgk A §| 1)
and in (S.120), we have used cov, y(z,y) = covy(E,,[7],y). We also have the property
T T+1
COVy‘@b (ﬁt, jiﬁ)fl) = COVy|@b Z Z Jt s— QHS 1FS 17]+1G( )yj, Ai‘rt) 1) (S.123)
Jj=t+1s=j5+1
T T+1
= 3N JeaHoaF G covye, (45,8, ) (S.124)
j=t+1s=j+1
T T+1
; i—t x7[2,3
= > > JieoHaFy GG AT VY, (S.125)
j=t+1s=j+1

My

where we define M; as above, and in (S.124) we have used (S.122). M; can also be computed with a backward
recursion,

T T+1
My = 30N JieaHo i Foy jn GV CuA]! (S.126)
j=t+1s=j+1
T T+1 .
TN Y T s HoaFan GG A1 | Ay (S.127)
j=t+1s=j+1
T+1
= Jt(r) ([ Z Jt+1,s—2Hs—1Fs—1,t+2G,§:_)10b (S.128)
s=t+2
T T+1 '
+ 3N JrseHaFa1 GG ) 4y
j=t+2s=5+1
= Jt(r)(LtHGg?le-FMtH)Aba (S.129)

where in (S.129) we have separated the first term of the summation (7 = ¢ + 1), and in (S5.129) we have used the
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definition of L;y; and M, 1. The initial condition is M, = 0. Finally using (S.116), the cross-covariance is

wp = covyle,(® ft\:’jjff\rt) 1)

= covy‘@b(Lt(F(r) E‘?

(r)

= LtFt( )Covy‘gb(jjt\tf

1+G§ yt)""ﬂta t\t 1)

D+ LtGgr)COVy\Gb(yt’ x§|t)71) + COVyIG)b(Bt’ jiﬁ)fl)

- LFEOVE 4 Lao v v
= LIV (LG oy + M)V,

where in (S.133) we have used (S.122) and (S.125).
To compute p; = covy‘@b(i“gg, Yt ), we first note that, for £ > 0,

b b
covy\@b(yfﬁk, )

cov®b(Cbx(b)k +w

Cycove, (x

(b)
RIS

(0)
t+k

+ Up, beb“(b) + wt(b) + )
(b) (b))

())Cb + coveg, (w Wy s Wy

C’bcoveb(Abxt +2Ak ! t—f—)l’ ())Cb

=1

C’bAb COV:E\@;)( ( ))CIT

cyAbvier

(S.130)
(S.131)
(S.132)

(S.133)
(S.134)

(S.135)
(S.136)

(S.137)

(S.138)
(S.139)

where in (S.136) we have used the fact that the observation noise is independent of the hidden-state (i.e.,for k£ > 0,

D 1w, a0 2

(b)

current state (i.e..for{ > 1, z,” 1L v, +l) We then can derive the property,

T T4+1

covyie, (B ye) = COVy\Gb(Z Z Jt,s—2I:Is—1Fs—1,j+1G§'r)yjayt)

T

j=t+1s=j+1

T+1

= Z Z Jt,s—2ﬁs—1Fs—1,j+1G§r)COVy|®b(yjaZ/t)
J=t+1s=j+1

T

- Z Z Jt,sfzﬁs,lstlJJrngr)CbAthvE,chp

T+1

j=t+1s=j+1
L] ~T
= Mtvt Cb 3

where in (S.141) we have used (S.139). Finally, using (S.116), the cross-covariance is given by

Pt = COVy\@;)(CE,E‘??yt)

= COVy‘@b(Lt(F(T)

+(7)

Lijt—1

+ Gﬁ”yt) + /éta Yt)

= LtF’t( )COVy|@b (xi\t)fl’ yt) + LtGgr)COVy‘@b(yt) =+ Covy\@b(ﬁta yt)
= LEOVHICT + LG (Vi Iel + Ry) + MVl
= (LEOVET 4 (G0 + M)V ) T + LG R,

where (S.147) follows by using (S.118), (S.143), and COVy‘@b(yt) =

12

CbCOVy|@b ($t)ch + Rb.

AL wgb)), and in (S.138) we have used the fact that future state noise is independent of the

(S.140)

(S.141)

(5.142)

(S.143)

(S.144)
(S.145)
(S.146)

(5.147)
(5.148)



2.4 Expected log-likelihood term

In the E-step, the soft assignments z; ; depend on computing the expected log-likelihoods of the form, E, g, [log p(y|©.)].
For dynamic textures, this can be computed efficiently using the Kalman filter. The observation log-likelihood of
the DT can be expressed in “innovation” form [6],

logp(yl©,) = > logp(ylys:t-1,Or) (S.149)
t=1
= Y log Gy, Gty + 3 GV CT + Ry) (S.150)
t=1
T 2
- Y- ‘yt Cil) |~ - (S.151)
=1 C.V, e 1CF Ry
1
— §log ‘C Vt(‘:) 10? + R, 5 10g(27r)
1 . _ _
= Y —5u (V2 CT + B e = 5 — Craf) ) — 5o — Crilf) )T
t= 1
_= log (C v cr ZLlog(Qw). (S.152)

Taking the expectation of (S.152), and noting that V") is not a function of the observations Yt

tlt—1
t = Eye,[logp(y|O)] (S.153)
1 1,p00) (b L(b (b
= Y —5u ((c Vi CT 4+ RO = AT - 6, (W) + CAl )CTT))
t=1
T m
- —log‘C S CT + Ry | — - log(2m), (S.154)
where
N0 (1) (a(r) () () ()
A7 = Eye,lt tt— 1(xt\t71)T] :Covy|®b(xt|t71) ""EyI@b[xt\t 1By, tlt— 1]T (S.155)
= v T (S.156)
and
(b _ ~(r
M= Byl — )@, )7 (S.157)
= COVy\Gb(yt = Yr, iiﬁ),l) + IEy|®b [yt - gr]Ey\Gb [‘%7(5\?71]71 (S.158)
= o,V 4oz 4 gy — ) &Y (S.159)

2.5 Summary

The E-step for HEM-DTM is summarized in Algorithm 1. The Kalman smoothing filter is summarized in Algo-
rithm 2. Computing the E-step requires running sensitivity analysis on the Kalman and Kalman smoothing filters,
which are summarized in Algorithms 3 and 4.
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Algorithm 1 Expectations for HEM-DTM

1: Input: DT parameters O and O,., length 7.

2: Run Kalman

\t Iy t\t’ tlr

~ ~(b) ~(b
{2 (),xﬁ),xﬁf 1R

smoothing filter
{ 7O @) 0

tt—1|7’

(Algorithm 2) on Oy
b)

G,E ),F( } and{ t|t 1

3: Run sensitivity analysis for the Kalman filters, O and O,., (Algorithm 3) to obtain {X, Vt}

4: Run sensitivity analysis for the Kalman smoothing filters,
A(b)}

AR ARG

tle VT

tt—1|

and O,

7—7

to

obtain filter
GgT)’Ft(T)’Ht(T)’ Jtr)}'

matrices

O, and O,, (Algorithm 4) to obtain

5: Compute E-step expectations, for ¢t = {1,--- ,7}:
iV = oY+ g, (S.160)
70 = o, viMIcel + Ry +( O =g - ) (S.161)
Y = v i @, (S.162)
(b r . (b) (b)
Pt(,t)fl - ‘/t(t)1|’7'+x7§t 1t ( (@ ,E N (S.163)
W = &+ @ - g @) (S.164)
6: Compute expected log-likelihood ¢:
~ 1 r b ;b O A (b
¢ = Y —gu(Cv)cf + r)TOP = A0l - 6,0 + G AP )
t=1
T m
——1og(c i CT + R, — 5 log(2n), (S.165)
where f\(b) VB 3] + A[S](AB]) and S\(b) C V£2 3] + (Cpx; 1] + gy — gr)(fc?])T.
7. Output: {z" P(b) PO LW o ey e
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Algorithm 2 Kalman smoothing filter
1: Input: DT parameters © = {A,C,Q, R, 1, S, y}, length 7.
2: Initialize: £1|0 = Up, VI|O = Sp.
3. fort ={1,--- ,7} do
4:  {Kalman filter — forward recursion}

Vt|t l—AVt 1\t 1A +Q,
Vt|t T (CVt\t 1 CT + R)™!

tht = - Ktc)‘/th‘,fla (S.166)
Gt = AKt7
=A—- AK,C.
5: end for
6: Initialize: V, ,_y, = (I — K;:C)AV,_y,_;.
7: for t ={r,--- ,2} do
8:  {Kalman smoothing filter — backward recursion}
Jio1 =V 11|t 1AT(Vt\t71)_17
H_;1=A
-t -1, (S.167)
Vt 1r = Vi -1 1 Ji- 1(Vt|7' —th DI
Vi 1t— 2|T—Vt e—1Jg + T (Vi 1|T—AVt -1 -
9: end for X
10: Output: Kalman filter matrices {Vyj;—1, Vij, Vijr, Vie—1)7> Gt, Ft, Hy
Algorithm 3 Sensitivity Analysis of Kalman filter
1: Input: DT parameters O and ©,, Kalman filter matrices {G ( ) Ggr By ) }, length 7.
b R Sp 00
2: Initialize: X1 = | up |, Vi= 0 0 0
i 0 00
3. fort ={2,--- ,7+ 1} do
4:  Form block matrices:
Ap 0 0 I 0 0
_ (0) (b) _ _ (b) _ 0
A= | GLC, F2, 0 ,B=10|,Ci=|G |,Di1= o) .(S.168)
ahe, o R 0 e Gy
5:  Update means and covariances:
% = Ara%i1+ DT — U (S.169)
V., = A Vi Al +B@B” +C,_ 1 R,CL . (S.170)

6: end for
(b) (b)

N (b ~ b
7: Output: X; = Eg, 90;2,1 , Vi = cove,( i\t) 1]
£ 4
t)t—1 Ttje—1
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Algorithm 4 Sensitivity Analysis of Kalman smoothing filter (non-recursive)

1: Input: DT parameters ©p, and ©,, Kalman smoothing filter matrices {ng),Ft(b)} and

{G(r) (T) (T Jtr }, Kalman filter sensitivity analysis {ﬁt,vt} length 7.

2: Imtlahze xg) A% £ f(&b) A- 1VBB}A T L,=A"', M, =0.

3:
4:

AN

~

8:

9:
10:

Xri1e T+1
fort ={r,---,1} do
Compute cross-covariance:

P (Lth’”’V?’Q] + (LtGgT)cb+Mt)V£1’1]) cl + LG R, (S.171)
gD = T (S.172)

if t > 1 then
Compute sensitivity:

w = LEOVE @6, + m)viFY, (S.173)
i = w0, (S.174)
83] T (M\T
SO " () Vit wf (Hy1)
Y= | B g - , (S.175
Xi—1 t—1 t—1 ] [ W Agb) ] [ (Jt(—)l)T )
~(b r ~
Xg,t)—l = w(H )T+ (S.176)
Update matrices:
Lioy = HY +J0 LD, (S.177)
My = JOULGTC+ M)A, (S.178)
end if
end for

Output: {2", %", x{}_1,#"}.
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